The crepant resolution conjecture states that the Gromov-Witten invariants of an orbifold X should be determined in a precise way by the Gromov-Witten invariants of a crepant resolution of its coarse moduli space. We compute the Gromov-Witten invariants of the stack symmetric square of P 2 and compare them with the GromovWitten invariants of its crepant resolution, Hilb 2 P 2 (which were computed by Graber). We determine that the crepant resolution conjecture is correct in this example.
Introduction
If X is an orbifold, let X be its coarse moduli space and suppose that X has a crepant resolution by a scheme Y.
The crepant resolution conjecture says that the Gromov-Witten invariants of X should be equal to special values of certain analytic functions, the coefficients of whose power series are Gromov-Witten invariants of Y (this is made precise in Section 1.2).
Gromov-Witten invariants were generalized to symplectic orbifolds by Chen and Ruan [5] and to smooth DeligneMumford stacks by Abramovich, Graber, and Vistoli [1] . Ruan conjectured [11] that the orbifold cohomology of an orbifold should be related to the cohomology of a crepant resolution of its coarse moduli space, should one exist. Bryan and Graber gave a modification of this conjecture that also extended it to all genus 0 Gromov-Witten invariants [3] . Their formulation includes the hard Lefschetz condition as a hypothesis (which was recently shown by Coates, Corti, et al. [6] to be necessary).
This conjecture has been verified in some special cases; see [4] , [3] for noncompact equivariant examples and also [6] . It has also been proven for orbifold cohomology in the case of A 1 and A 2 singularities by Perroni [10] .
In this paper, we will check the conjecture in the case where X = [Sym 2 P 2 ], X = Sym 2 P 2 and Y = Hilb 2 P 2 .
Gromov-Witten invariants
We review the definition of the Gromov-Witten of an orbifold. Let X be a smooth Deligne-Mumford stack over C, and let β ∈ H 2 (X ) be a curve class. Abramovich and Vistoli [2] define moduli spaces M 0,n (X , β) (called K 0,n (X , β) in [1] and [2] ) parameterizing n-marked twisted stable maps from curves of (coarse) genus 0 into X . The markings yield evaluation maps, but since the marked "points" may actually be cyclotomic gerbes, these evaluation maps do not take values in X but rather in the rigidified cyclotomic inertia stack IX . We label them e i : M 0,n (X , β) → IX .
The (genus 0) Gromov-Witten invariants of X are, by definition, the multilinear functions on A * (IX ) defined by
which is a non-degenerate pairing when viewed as a bilinear function by setting φ 1 = 1. This will be convenient for our notation when we consider the crepant resolution conjecture.
The WDVV equations and the divisor axiom
Pulling back relations from the cohomology of M 0,4 P 1 to M 0,n (X , β) gives relations among the Gromov-Witten invariants of X . Since the additional generality will be useful later, we state these for a general family of multilinear functions
depending on β ∈ NS(X ). For such a mutlilinear function, F, definẽ
for any test class φ ′ . Then the WDVV equations are the equations
with δ ∈ A * (IX ) ⊗p for some p. The product here is taken with respect to the product structure on A * (IX ) defined by F 0 (as explained in Section 1.1.1). See Appendix A for a derivation of (2) from the WDVV equations as given in [1] .
We also say that F satisfies the divisor axiom if
⊗p whenever φ 1 is the first Chern class of a line bundle and either β 0 or p ≥ 3.
The crepant resolution conjecture
The crepant resolution conjecture of Ruan and Bryan-Graber relates the Gromov-Witten invariants of an orbifold X with the Gromov-Witten invariants of a crepant resolution of its coarse moduli space. An explicit statement of the conjecture in terms of potential functions may be found in [3] . Since we will not make use of potential functions here, we give a statement of the conjecture that avoids them as well. Let X be the coarse moduli space of the orbifold X . Suppose that X has a crepant resolution Y. Decompose NS(Y) as a direct sum
where E is the kernel of the projection NS(Y) → NS(X). Note that we can identify NS(X) with NS(X ).
Conjecture 1 ). If X satisfies the hard Lefschetz condition, there is an isomorphism of vector spaces
defined over C and extending the pullback homomorphism on A * (X ) = A * (X), such that
• the formal sums
depending on β ∈ NS(X ) and φ ∈ T A * (IX ), are analytic in a neighborhood of q = 0 in Hom(E, C), and
• there is a homomorphism c : E → U 1 ⊂ C * such that F β φ (q) admits analytic continuation to q = c and
Remark. Let ι : IX → X be the morphism which inverts the band. The orbifold X satisfies the hard Lefschetz condition if ι preserves the age. Coates, Corti, et al. [6] have given an example an orbifold which does not satisfy the hard Lefschetz condition and for which the crepant resolution conjecture as stated above is false.
Notice that the functions F(q) (viewed as mutlilinear functions into Q [q] satisfy the WDVV equations. In particular, they satisfy the WDVV equations when we substitute q = c.
Perroni has proven this in some cases when β = 0 (see [10] ). In particular, he gives the value for c in those cases. 
The symmetric square of P
whereC is a hyperelliptic curve and the composition of the vertical arrows,C → P 1 is the hyperelliptic projection. The top arrow is an equivariant map with respect to the hyperelliptic involution on the left and the action of S 2 switching the components on the right. Such a map is determined by its projection onto one of the components. Hence genus 0 stable maps from smooth twisted curves of genus 0 into [ A variant of the reconstruction theorem of Kontsevich and Manin [9] shows that the genus 0 Gromov-Witten invariants of [Sym 2 P 2 ] are determined by means of the WDVV equations from the 2-point invariants and the degree zero invariants. We compute these in Section 2 using a result of Faber-Pandharipande [7] .
Computing the degree zero invariants allows us to establish the crepant resolution conjecture directly in that case (this is already a theorem of Perroni). In particular, this shows that the Frobenius algebra structure on A 
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The rational orbifold Chow ring of
Throughout this paper, π will be used to describe the projection
; sometimes it will also be used for parallel quotients by S 2 .
The 
, β) in which the i-th evaluation map takes values in Ω i for every i.
Remark.
Since IX has only one twisted component, the hard Lefschetz condition is trivially verified.
Note that the number of evaluation maps taking values in Ω 1 must always be even. Indeed, these correspond to the points on a hyperelliptic curve that are ramified under the hyperelliptic map. By the Riemann-Hurwiz formula, the number of branch points of the projection from a hyperelliptic curve of genus g to P 1 must be 2g + 2.
Group structure
The map
) with the invariants of A * (P 2 × P 2 ) under the action of S 2 switching the components. The Chow ring of
with π * (α 1 ) = h 1 + h 2 and π * (α 2 ) = h 1 h 2 . As a group, the orbifold Chow ring of [Sym 2 P 2 ] is isomorphic to the Chow ring of
Since Ω 1 P 2 , its Chow ring is isomorphic to
is not a ring homomorphism, it will be useful to specify a basis for this ring over Q. We choose γ i = h i , i = 0, 1, 2.
Grading
If γ is a class in A p (Ω i ) then its orbifold degree is, by definition, p + age(Ω i ). Recall that if G is a cyclic group acting on X and BG → X = [X/G] is a representable morphism induced by an equivariant map f : (point) → X, the age of the morphism is the age of the representation of G on f * T X.
(The inertia stack IX is the universal gerbe over IX .) The age thus defines a locally constant function on IX . The age of Ω i is defined to be the value of this function on Ω i . We return to the case X = [Sym 2 P 2 ]. The age of Ω 0 is of course zero. For Ω 1 we must compute the age of
where f is the (equivariant) inclusion of the diagonal in
The tangent space to P 2 × P 2 at a point is T P 2 ⊕ T P 2 with S 2 acting by exchanging the components. If we choose a basis for T P 2 , then S 2 acts by the matrix
This has eigenvalues 1, −1, each with multiplicity 2. Hence the age is
We 
by two applications of the projection formula. Since p 2 f = p 1 f σ, where σ :C →C is the hyperelliptic involution,
where ℓ is the class of a line in P 2 and d is some non-negative integer. Hence,
We will identify the numerical classes of effective curves in [Sym 2 P 2 ] with integers in this way and I will write
where n 1 is the number of untwisted marked points on the curve.
Proof. Let C be a twisted curve mapping to [Sym 2 P 2 ] with n 1 untwisted marked points and n 2 twisted marked points
3-point computations
Since the number of evaluation maps taking values in Ω 1 must be even, there are (essentially) two moduli spaces we will need to consider at this point. The first corresponds to all evaluation maps in Ω 0 , the second to two evaluation maps in Ω 1 . These are M 0;0,0,0 (Sym 2 P 2 , 0) and M 0;0,1,1 (Sym 2 P 2 , 0) in our notation; for this section they will be denoted 
The first evaluation map is the inclusion of the diagonal, ∆ :
(which is induced by the diagonal map∆ : P 2 → P 2 × P 2 ). The expected dimension of M 2 = M 0;0,1,1 (Sym 2 P 2 , 0) is 2 which is the dimension of M 2 P 2 × BS 2 , so the virtual fundamental class equals the fundamental class. We can now compute some of the Gromov-Witten invariants directly.
Let φ 1 , φ 2 ∈ A * (Ω 1 ) and φ 3 ∈ A * (Ω 0 ) be arbitrary. Then we have
And we also see that
Equations (4) and (6) 
Therefore the classes γ 1 , γ 2 , and α 2 can be expressed in terms of α 1 and γ 0 . In other words, the homomorphism,
is surjective. There are algebraic relations among α 1 and γ 0 in addition to the degree constraints. For example,
so we have relations
Proposition 2. The equations (2.4) determine all of the relations in
). It will be enough to show that the dimensions of each of the graded pieces coincide. Let A n and B n be the n-th graded pieces of A and B, respectively.
Since the relations are only in degree 3, we have dim B 0 = 1, dim B 1 = 2 and dim B 2 = 3; these agree with the corresponding numbers for A. In degree 3, there are two independent relations, so dim B 3 = 4 − 2 = 2, which again coincides with A. The element α 
The Gromov-Witten invariants
All of the degree zero, 3-point invariants of [Sym 2 P 2 ] are determined by the structure of the Frobenius algebra A * orb ([Sym 2 P 2 ]), which was calculated in 2.4. In this section, we show that all the Gromov-Witten invariants are determined by some degree 0 and 2-point invariants and then calculate these.
Reduction to
2-point and degree 0 invariants Theorem 1. All the Gromov-Witten invariants of [Sym 2 P 2 ] are determined by the 3-point degree zero invariants, the 2-point invariants, and the degree 0 invariants of the form
The first step is the following general statement about Gromov-Witten invariants, which is a version of the reconstruction theorem of [9] . For the proof, note that the Gromov-Witten invariants are partially ordered by the pointnumber and degree; we say therefore that an invariant
′ ≤ β or m ≤ n and one of these inequalities is strict.
Lemma 1. Modulo terms that contain only lower invariants, the WDVV equations can be written
Moreover, if φ 1 is a divisor and F satisfies the divisor axiom, this becomes
Proof. The only terms in Equation (2) involving invariants of maximal point number and degree are the ones in Equation (8) . If φ 1 is a divisor, one may apply the divisor axiom to reduce two terms of (8) to invariants of lower point number.
Proposition 3. The Gromov-Witten invariants of point number at least 3 of an orbifold X are determined by linearity, the WDVV equations, the divisor axiom, and those invariants of the form
where φ is in the subring R of A * orb (X ) generated by divisors and the δ i are elements of A * (IX ) that form a basis for the vector space A * orb (X )/R. Proof. By linearity, we can assume a given invariant has the form
where the α i are products of divisors and the δ i form a basis for A * orb (X )/R. By Lemma 1, if α is a divisor and n ≥ 3, we obtain
Using this repeatedly we can put the invariant Equation (9) in the desired form. The untwisted evaluation map M 1 → Ω 0 factors through ǫ, provided that the number of twisted points is greater than 2 (i.e., n ≥ 2) so that M 0 is a Deligne-Mumford stack. Then
for some φ ∈ A * (M 0 ). But M 1 → M 0 has relative dimension 1, so ǫ * (φ) must be a class of positive dimension, hence its integral must vanish.
Proof of Theorem 1. By Proposition 3, we only need to consider invariants of the form 
(mod lower invariants) and α p γ 2 0 is proportional to α p+2 if p > 0. We must also have p + n = 3d + 1. Since p ≤ 2 and either p or n is 0, this implies p = 0 and n ≥ 4. We may now apply WDVV to get
Since γ 3 0 is proportional to α 2 γ 0 and γ 4 0 is proporitional to α 4 , the invariants on the right side can be expressed in terms of invariants of lower degree and point number. This completes the proof.
Calculations
By Theorem 1, to complete the determination of the genus 0 Gromov-Witten invariants of [Sym 2 P 2 ], it remains only to compute the 2-point invariants and the invariants (7).
We calculate the 2-point invariants first. Since the number of twisted points must be even, either both points are twisted or both are untwisted.
In the twisted case, v. dim M 0;2,0 ([Sym 2 P 2 ], d) = 3d + 1. Both evaluation maps take values in Ω 1 , which has dimension 2, so each point can impose at most 2 conditions. Hence d must be 1 and (up to scaling) the only nonzero invariant is
We will reduce this invariant to a Gromov-Witten invariant of P 2 . Consider the moduli space M 0,2 (P 2 , 1) of stable maps to P 2 . We can also view this as parameterizing maps from hyperelliptic curves of genus 0 to P 2 . When we quotient by the hyperelliptic involution, we obtain a family of curves of genus 0 with two twisted points mapping to
By considering the fiber over a point, we can see that this map has degree 1. Moreover, the evaluation maps to P 2 are compatible with this isomorphism, so the diagram
Now we consider the possibility that both marked points are untwisted. In this case,
Since two points can impose at most 8 conditions, we must have d = 1. Then by linearity it is surfficient to consider the following three invariants:
We may view M 0,2 (P 2 , 1) × P 2 as the moduli space of maps P 1 → P 2 × P 2 whose image has degree 1 in the first component and degree 0 in the second. It therefore also parameterizes equivariant maps
(Note that the source is a hyperelliptic curve of genus −1.) Taking the quotient by the S 2 -action, we get a map
This has degree 1 and the evaluation maps are compatible, making the diagram
commute. Both moduli spaces have the expected dimension so the virtual fundamental class equals the fundamental class. Hence we have
The remaining invariant is I 0 αγ 0 ⊗ γ 0 ⊗ · · · ⊗ γ 0 . A map of degree 0 from a twisted stable curve C with 2g + 2 twisted marked points into [Sym 2 P 2 ] corresponds to a hyperelliptic curveC of genus g and a point in the diagonal of
whereH g is the space of hyperelliptic curves with an ordering of the marked points. 
whereC is the universal hyperelliptic curve overH g .
where the exponent S 2 means taking S 2 -invariants and E is the Hodge bundle onH g . Let a 1 , . . . , a g be the Chern roots of E and let b 1 , b 2 be the Chern roots of T P 2 . Then
Now, we wish to compute
We appeal to Faber-Pandharipande [7] for this last integral,
where the B n are the Bernoulli numbers, i.e., z e z − 1 = ∞ n=0 B n z n n! . We conclude that
2g . 2 as a P 2 -bundle over P 2 * (the projection being the map which sends a length-2 subscheme of P 2 to the unique line containing it). The Chow ring of H is generated by the Chern classes T 1 = c 1 (O P 2 * (1)) and T 2 = c 1 (O H→P 2 * ). It is given by the relations, These invariants all vanish for a > 2. The other invariant we will need from [8] is
The orbifold isomorphism
Perroni has proven the crepant resolution conjecture on the level of orbifold cohomology for A 1 quotients [10] . With the presentations for A * orb ([Sym 2 P 2 ]) and A * (Hilb 2 P 2 ) given above, the isomorphism is
That this is an isomorphism of Frobenius algebras can also be verified directly.
Calculations
The crepant resolution conjecture predicts that the functions given by power series
when q = −1. This is determined on 3-point, degree zero invariants by the isomorphism of Section 3.2. Since the WDVV equations on the orbifold correspond by means of these functions with those on the crepant resolution, it remains to check that the Gromov-Witten invariants (7), (10) and (11) match the predictions. In the cases of the invariants, (10) and (11) the functions F 1 (q) are polynomials in q. We use the table, (12), to evaluate them: Putting this together, we have 
A The WDVV equations
Let r be the locally constant function on IX which sends a point to the order of the group by which the corresponding gerbe is banded. Proof. The preimage in M of a point in IX corresponds to a map from a twisted curve to Bµ r , hence has automorphism group µ r . Corollary 1. Let φ 1 , φ 2 be classes in A * (IX ). Then
where ∪ is the usual (non-orbifold) product on A * (IX ).
Proof. Since e 3 = ιe 2 , we have where g is the genus of the coarse curve, C is the coarse curve, and r i is the order of the automorphism group at the twisted marked point σ i . Applying Riemann-Roch to f * T X, we get
where g is the genus of C. Putting all of this together,
age σ i ( f * T X)
